We introduce a new technique for constructing three-dimensional (3D) models of incompressible Riemann S-type ellipsoids and compressible triaxial configurations that share the same velocity field as that of Riemann S-type ellipsoids. Our incompressible models are exact steady-state configurations; our compressible models represent approximate steady-state equilibrium configurations. Models built from this method can be used to study a variety of relevant astrophysical and geophysical problems.
Introduction
Our understanding of stellar structure and stability has been built upon classical analytical studies of equilibrium configurations of incompressible self-gravitating systems by Maclaurin, Jacobi, Dedekind, Darwin, Riemann, and especially Chandrasekhar (1969) . With the help of modern computers and numerical methods, such as the self-consistent-field (SCF) technique (Ostriker & Mark 1968; Hachisu 1986a ) and hydrodynamics techniques, these studies have been extended to compressible configurations by a variety of researchers (Tohline, Durisen, & McCollough 1985; Hachisu 1986a,b; Williams & Tohline 1988; Cazes & Tohline 2000; Shibata, Karino, & Eriguchi 2002) . However, most three-dimensional (3D) hydrodynamical studies have been confined to a limited parameter space, i.e., starting from twodimensional (2D) axisymmetric equilibrium models (compressible analogues of Maclaurin spheroids) because we have not been able to build 3D compressible equilibrium models with complicated flows. To the author's knowledge, techniques have only been developed to build compressible equilibrium models of nonaxisymmetric configurations for a few systems with simplified rotational profiles, e.g., rigidly rotating systems (Hachisu & Eriguchi 1984; Hachisu 1986b ), irrotational systems (Uryu & Eriguchi 1998) , and configurations that are stationary in the inertial frame (Uryu & Eriguchi 1996) . Our aim is to find a method by which a much wider class of nonaxisymmetric configurations can be readily constructed. This will permit us to more clearly understand the viability of evolutionary sequences of triaxial configurations and will provide models whose stability properties can be readily analyzed.
Previous linear stability analyses (Chandrasekhar 1969; Lifschitz & Lebovitz 1993; Lebovitz & Lifschitz 1996; Lebovitz & Saldanha 1999) have revealed a number of hydrodynamical instabilities that might arise in incompressible Riemann ellipsoids, but no corresponding numerical work using state-of-the-art 3D hydrodynamic techniques has been carried out. In particular, Riemann S-type ellipsoids have been found to be subject to a hydrodynamic strain instability associated with elliptical stream lines (Lebovitz & Lifschitz 1996) , which raises concerns about the stability of certain types of geophysical flows and leads to suspicions about the evolutionary path of stars that are driven by gravitationalradiation-reaction (GRR) forces toward the Dedekind-sequence. In a recent nonlinear study of the secular bar-mode instability induced by GRR (Ou, Tohline, & Lindblom 2004) , a uniformly rotating, axisymmetric neutron star, which was secularly unstable and driven by artifically enhanced GRR, evolved into a bar-like configuration with a very slow pattern speed. However, this special bar configuration became unstable to some kind of turbulencelike instability while evolving toward the Dedekind-sequence, that is, toward a stationary ellipsoidal structure in the inertial frame maintained purely by the internal motion of the fluid. It is suspected that this turbulence-like instability may be the elliptical strain instability identified in the earlier linear stability analyses. But no definite conclusion can be drawn because the stability of only one Dedekind-like configuration was studied. Following Ou, Tohline, & Lindblom (2004) , one might consider generating additional ellipsoidal structures hydrodynamically, but the generation of each additional ellipsoidal model would be expensive in the sense that one has to evolve an initially axisymmetric model for a very long time, even with artificially enhanced GRR (Shibata & Karino 2004; Ou, Tohline, & Lindblom 2004) . This approach would make it impractical to undertake a full stability investigation through the entire parameter space of ellipsoidal models.
Here we present a new 3D SCF technique that is capable of building the full range of incompressible Riemann S-type ellipsoids with nontrivial internal flows (i.e., not just the uniformly rotating Jacobi configurations, which are thought to be the end point of secularly unstable stars driven by viscosity, and stationary Dedekind configurations) as well as compressible triaxial models that share the same divergence-free velocity field as Riemann S-type ellipsoids. Our compressible models satisfy the steady-state Euler's equation exactly, but only satisfy the steady-state continuity equation approximately, hence they are only in quasi-equilibrium. However, the violation of the steady-state continuity equation is very small for nearly incompressible models, hence these models can be used effectively as initial configurations for a hydrodynamical study of the stability of compressible analogues of Riemann S-type ellipsoids. We note that, to date, hydrodynamical techniques have not been used to examine the stability of Riemann ellipsoids because the sound speed is formally infinite for incompressible models, while the time step in hydrodynamic codes is usually inversely proportional to the sound speed. On the other hand, since the elliptical strain instability associated with elliptical stream lines would set in on a dynamical time scale, we believe that our new "quasi-equilibrium" models will prove to be good starting points for hydrodynamical studies of this instability.
Our numerical method inherits one central idea of the traditional SCF method in that it makes use of the properties of the velocity field of Riemann S-type ellipsoids to turn the vector form of the steady-state Euler's equation into a scalar form, thus yielding a uniform Bernoulli's function. This enables us to follow the procedures of the traditional SCF method to use several boundary conditions to determine quantities elsewhere. To be concise, we will refer readers to Hachisu (1986a) and references therein for details of the traditional SCF technique, and focus on the new aspects of our new method. Figure 1 reproduces key elements of a plot that Chandrasekhar (1969, see his chapter 7, figure 15) used to discuss sequences of Riemann S-type ellipsoids. In this (b/a,c/a) parameter plot, a, b, and c are the three principal semiaxes of an ellipsoid, and each Riemann S-type ellipsoid with angular velocity ω and uniform vorticity ζ in the rotating frame resides between the two self-adjoint sequences (curves LP and LK) with X = ∓1, where
Numerical Methods
The velocity field of a Riemann S-type ellipsoid as viewed from a frame rotating with angular velocity ω takes the following form:
where λ is a constant that determines the magnitude of the internal motion of the fluid, and the origin of the x-y coordinate system is at the center of the ellipsoid. This velocity field v is designed so that velocity vectors everywhere are always aligned with elliptical stream lines by demanding that they be tangent to the equipotential contours, which are concentric ellipses. Now, let's turn to a general self-gravitating system with some compressibility. If we adopt a polytropic equation of state, p = kρ 1+1/n (p is pressure, k is the polytropic constant and n is the polytropic index), Euler's equation for steady-state flows in the rotating frame is,
where H is enthalpy, and Φ is the gravitational potential. With the velocity field specified by Eq. (3), one can show that Eq. (4) is equivalent to the following equation,
Hence, within the configuration the following Bernoulli's function must be uniform in space:
where C 1 is a constant. It should be mentioned that in this Bernoulli's function, ω and λ are interchangeable. This reflects the fact that, for any direct configuration (ω > λ) in which fluid motion is dominated by figure rotation, the adjoint configuration (ω < λ) in which fluid motion is dominated by internal motions can be obtained by simply interchanging ω and λ. We find it is useful to define an effective potential Φ eff as:
hence, the Bernoulli's function can also be written as:
In our later discussion of equi-potential (iso-density) surfaces, we will often use the phrase "equi-potential" referring to Φ eff .
On the other hand, the steady-state continuity equation in the rotating frame requires,
This is trivially satisfied for incompressible Riemann S-type ellipsoids because ∇ · v is zero everywhere, and the velocity vectors in the rotating frame are always tangent to the concentric equi-potential contours and perpendicular to the unit vector that is normal to the ellipsoidal surface. In our compressible models, the divergence-free velocity field given by Eq. (3) will continue to be adopted, so if the equi-potential (and iso-density) contours continue to be concentric ellipses (as assumed by Lai, Rasio & Shapiro 1993) , the velocity vectors will always be orthogonal to the density gradient everywhere; this would satisfy the steady-state continuity equation exactly. However, as we demand that Euler's equation be satisfied via the solution of Eq. (6), the iso-density contours for our compressible models are not guaranteed to be self-similar ellipses. Therefore, in our current numerical method, the extent to which the steady-state continuity equation is satisfied will depend on how far the density shells deviate from self-similar ellipses. For the remainder of this paper, we will only focus on obtaining a solution of Bernoulli's function given by Eq. (6). We will return to issues related to the steady-state continuity equation in section 4.
For a given choice of axes (a, b, c) and a mass distribution ρ( x) (hence Φ( x) is determined by Poisson's equation), there are three unknown constants in Eq. (6): C 1 , ω and λ. On the other hand, we have three boundary conditions on the three axes at the surface of the star, i.e., points A, B and C as illustrated in Figure 2 , where H drops to zero. (Note that points A, B and C are located on X, Y , and Z axes at x = a, y = b, and z = c, respectively.) These boundary conditions give the following equations:
Subtracting equation (11) from (10), we obtain
Adding equation (11) and (10) together, we obtain
Since the right-hand-side of this last expression is non-negative, it follows that Φ A + Φ B − 2Φ C ≥ 0. It can be shown that equations (13) and (14) are equivalent to equations (29) and (30) in Chapter 7 of Chandrasekhar (1969) . The solutions of equations (13) and (14) for a direct configuration are:
where
.
For adjoint configurations, we only need to interchange ω 2 and λ 2 . The signs of ω and λ are determined by the sign of f (which is predetermined by the specified axis ratios), through Eq. (2) and the relationship,
With these constants and the Bernoulli's function in hand, we can solve for H throughout the interior of the configuration.
In the incompressible case (n = 0), we know from the classical analytical results that the adopted velocity field generates equilibrium structures that are uniform density ellipsoids. Hence, we can obtain Riemann S-type ellipsoids directly by setting up a mass distribution that is confined by the ellipsoidal surface defined by three axes a, b and c; then we solve Poisson's equation to get the potential everywhere; finally, ω and λ can be determined by equations (15) and (16).
Compressible polytropic models (n > 0) having the same flow pattern as that of Riemann ellipsoids (given by Eq. 3), can also be constructed by an iterative procedure that is very similar to Hachisu's SCF method (Hachisu 1986a) . The main steps of this method include: (i) set up a trial ellipsoidal mass distribution defined by the choice of a, b, and c, then solve Poisson's equation to obtain the gravitational potential everywhere (the details of our Poisson solver are discussed in Cohl & Tohline 1999) ; (ii) calculate C 1 , ω and λ using the three boundary conditions as discussed above; (iii) calculate the enthalpy everywhere inside the configuration using Eq. (6); (iv) calculate the new "trial" density distribution according to the relationship between the density and enthalpy for a polytrope. These steps are repeated until the model converges.
Results
In this section, we show our results for incompressible Riemann S-type ellipsoids and their quasi-equilibrium, compressible counterparts. Since the available parameter space occupies a large portion of Figure 1 , we choose to build models only along the vertical dashed lines, which largely represent most of the configurations.
Our models are constructed on a cylindrical grid with a resolution of 66 × 102 × 128 in the ̟ (cylindrical radius), z (vertical), and φ (azimuthal) directions, respectively. Following Hachisu (1986a) , we adopt a set of polytropic units in which the gravitational constant G, the radius of the entire grid ̟ grid , and maximum density ρ max are all set to 1. For all of our models, we set the semiaxis a to 0.619. We choose to present our results in such a way that readers can readily normalize our data to any unit system they are familiar with for the purpose of comparison. Table 1 shows the results for direct configurations of incompressible (n = 0) Riemann S-type ellipsoids. Tables 2, 3 , and 4 show the same results but for compressible counterparts of Riemann ellipsoids with n = 0.5, n = 1.0, and n = 1.5, respectively. Tables 5, 6 , and 7 show results for adjoint configurations with n = 0.0, n = 0.5 and n = 1.0, respectively.
In these tables, T is the rotational energy of the system, M tot is the total mass, J tot is the total angular momentum, ρ mean is the mean density, W is the gravitational potential energy, and S is the thermal energy. The quantity (S + T )/|W | measures how well our models are in virial equilibrium; ideally, this ratio should have a value of 0.5. All of our models have values that are very close to 0.5, especially for compressible configurations. In Table 1 , the parameters ω a and λ a are analytically computed results for ω and λ, respectively.
Several properties of our models are worth discussing. First, for direct configurations with a fixed value of b/a, as one proceeds from larger values of c/a to smaller values, λ starts from a positive value, then continuously decreases; it reaches zero when the rigidly rotating Jacobi sequence is hit, and then becomes negative after passing the Jacobi sequence. The parameter f also switches sign when crossing the Jacobi/Dedekind sequences. For adjoint configurations, a similar behavior is observed for ω, while f approaches ±∞ around the Dedekind sequence because ω = 0.
Second, in the parameter space above the Jacobi/Dedekind sequence where f < 0, ω is positive for direct configurations, and negative for adjoint configurations, which reflects the fact that the Jacobi mode in Maclaurin spheroids is the "forward moving" wave but the Dedekind mode is the "backward moving" wave. This also implies that in the adjoint configurations with f < 0, the ellipsoidal pattern is moving in a direction that is opposite to the overall rotation! Furthermore, when the critical Jacobi/Dedekind sequence is passed, f switches sign; so does λ in direct configurations and ω in adjoint configurations. In Maclaurin spheroids, this is where the frequency of the backward moving wave becomes positive in the inertial frame; hence, it is where the secular bar-mode instability sets in through gravitational radiation (Chandrasekhar-Friedman-Schutz instability) or viscosity (Chandrasekhar 1969; Friedman & Schutz 1978) .
Finally, for softer equations of state, the SCF technique failed to converge to models with relatively small values of c/a because, in these cases, the centrifugal force at the boundary point A (see Figure 2 ) would exceed the gravitational force. In fact, for n = 1 and n = 1.5, even the Jacobi sequence is not reached. This is consistent with previous studies that have indicated that the Jacobi sequence cannot exist for n > 0.808 (James 1964; Hachisu & Eriguchi 1982; Lai, Rasio & Shapiro 1993) . Furthermore, as was pointed out by Hachisu & Eriguchi (1982) in their analysis of uniformly rotating polytropes, the mass-shedding limit never extends much beyond the bifurcation point (where the Jacobi/Dedekind sequence branches off the Maclaurin spheriod sequence) even for very small n: for 0.1 ≤ n ≤ 0.5, this mass-shedding limit corresponds to 0.14 ≤ T /|W | ≤ 0.16. Our n = 0.5 models are consistent with their results. Therefore, the available parameter space for compressible counterparts of Riemann ellipsoids becomes smaller as the equation of state becomes softer.
Figures 3 and 4 show equatorial-plane iso-density contours and velocity fields for direct and adjoint configurations of our n = 0.5 model with b/a = 0.59 and c/a = 0.462. Both the rotating frame velocity field v and inertial frame velocity field u = v + ω × r are plotted for comparison. The flow patterns in these two models are different from each other although they have identical geometrical shapes. It is also clear that the fluid motion in the adjoint configuration is dominated by internal motion rather than rotation. As another illustration, Figures 5 and 6 illustrate the structure of our n = 1 model with b/a = 0.59 and c/a = 0.564. Notice that ω, which is also the pattern speed of the ellipsoid, is negative in both Fig. 4 and Fig. 6 , so the ellipsoidal figures in both plots are spinning retrograde (clockwise) relative to the overall fluid rotation.
Comparisons between previous published results and our models yield very good agreement. For example, from Table IV Table 1 , with b/a = 0.59, c/a = 0.436, has ω 2 /(πGρ) = 0.3370, J tot / (GM 3 totā = 0.3321, and an almost vanishing λ = 0.0108, which shows that this model from our Table is very close to the Jacobi sequence. It should be noticed that, due to the discrete nature of our grid, we cannot construct models with axis ratios that will place the models precisely on the Jacobi/Dedekind sequence, but we can construct models that are very close to this sequence (with very small values of λ or ω). As another comparison, the last four columns in Table 1 give analytically computed results of ω a and λ a for Riemann S-type ellipsoids having the specified axes ratios b/a and c/a, as well as the ratio between numerical and analytical results (only models with a < b < c have been computed). To obtain these analytical results, we used standard incomplete elliptic integrals to evaluate the potential field of a homogeneous ellipsoid (Binney & Tremaine 1987 , see their Table 2 -2). In virtually all cases, the error in ω is a few percent. On the other hand, for the direct configurations the fractional error in λ can be as large as 50%; the error is largest for models whose λ almost vanishes. This is understandable because a small variation in the magnitude of λ will result in a large percentage difference when λ is approaching zero. Also some mismatch between numerical and analytical results may arise because the discrete nature of our grids makes it difficult for us to define an exact axis ratio for our models.
For compressible equations of state, we can compare our results with those presented by Lai, Rasio & Shapiro (1993) , who used an energy variational method to determine approximate equilibrium configurations for ellipsoidal self-gravitating systems. Lai, Rasio & Shapiro (1993) assumed that the iso-density contours of each configuration are self-similar concentric ellipses, which as we have already emphasized is not the case. In their Table 4 , for compressible analogues of Jacobi ellipsoids, a configuration with b/a = 0.75 and c/a = 0.4983 has T /|W | = 0.1407; the closest match among our n = 0.5 models (see Table 2 ) with b/a = 0.74 and c/a = 0.487 has T /|W | = 0.135. Other quantities also match well, after a proper normalization is applied as prescribed by their equation (3.27). We omit more comparisons here and leave the rest to interested readers.
Other models that are of interest are the f = −2 irrotational sequence (Uryu & Eriguchi 1998) . It turns out that the f parameter is very sensitive to the axis ratios, so we could not build models that are very close to the irrotational sequence due to the discrete nature of our computational grids. Our model that comes closest has f = −1.9; it is a direct configuration with n = 0.5 and its other parameters are listed in Table 2 .
Discussion and Future Work
We have presented a new method to construct 3D models for Riemann S-type ellipsoids (n = 0), and the method has been extended to construct compressible counterparts that share the same velocity field as that of Riemann S-type ellipsoids. With this method, we have been able to build 3D models that cover almost the entire parameter space of Riemann S-type ellipsoids. Our results are in good agreement with previous studies. We expect that this method can also be straightforwardly extended to the construction of Roche-Riemann ellipsoids.
By design, our compressible models satisfy the steady-state Euler's equation. However, it is not guaranteed that they simultaneously satisfy the steady-state continuity equation exactly, because this additional constraint was not built into our method. Because the adopted velocity flow-field v in our models is divergence-free, the violations of the steadystate continuity equation will only arise to the extent that the iso-density contours deviate from concentric ellipses. As we can see from Figures 3 -6, the outer low-density shell in compressible models becomes somewhat pointed along the major axis. However, the deviation from concentric ellipses is small and almost negligible in the inner, high-density regions. Furthermore, a comparison between Fig. 3 and Fig. 5 shows that this deviation becomes smaller in less compressible models. In order to quantitatively measure the violation of the steady-state continuity equation, we calculated |ρ|/ρ ≡ |∇ · (ρ v)|/ρ for the models shown in Figs 3, 4 , and 5. As long as |ρ|/ρ << √ πGρ max = √ π for a given configuration, we can consider that the model has a reasonablly good quasi-equilibrium structure. In Figure  7 , we have plotted |ρ|/ρ in the equatorial plane as a function of cylindrical radius ̟ along different azimuthal angles, φ = π/8 and φ = π/4. In fact, this quantity remains small ( 0.01 for n = 0.5 and 0.1 for n = 1.0) throughout the majority of the configuration, but not surprisingly near the surface it asymptotically approaches infinity because ρ goes to zero. As the figure illustrates, |ρ|/ρ is smaller for the stiffer equation of state. We also note that |ρ|/ρ is nearly zero along the X and Y axes because the velocity vectors in the rotating frame along the X (Y) axis only have a nonzero Y (X) component and are therefore perpendicular to the density gradient there. Thus, we expect our compressible models to represent fairly good quasi-equilibrium configurations, especially in nearly incompressible cases.
On the other hand, this point was brought to our attention by an anonymous referee: the relatively large violation of the steady-state continuity equation on the very surface layer can potentially change the shape of the surface in hydrodynamical evolutions. To understand how the shape of the surface might be changed by the flow field, it is important to know the sign of ∇ · (ρ v)/ρ along the surface. Since we are adopting a divergence free velocity field, the sign of ∇ · (ρ v)/ρ is determined by the sign of v · ∇ρ, which also measures to what degree the velocity vectors are orthogonal to density gradient. If the velocity vector points slightly outward (inward) from the surface, v · ∇ρ will be negative (positive), because the density gradient is negative outward. Figs. 8 and 9 show contour maps of ∇ · (ρ v)/ρ in the equatorial planes of the direct and adjoint models shown in Figs. 3 and 4 , respectively. (We note that the contour pattern for direct configurations will switch from Fig. 8 to Fig.  9 if λ flips sign.) A π symmetry is observed for both patterns. We also note that, in each quadrant, ∇·(ρ v)/ρ flips sign, which implies that the direction of velocity vectors will change from inward (outward) to outward (inward) from the surface within one single quadrant. Accordingly, Fig. 10 shows a combined schematic drawing of how the velocity vectors in the rotating frames are aligned with the surface for these two patterns (the panel on the left is for the adjoint figure shown in Fig. 4 , the panel on the right is for the direct figure shown in Fig. 3) . In this figure, the black ellipse denotes the actual surface (which should not be a perfect ellipse), red arrows denote velocity vectors on the surface, purple arrows denote density gradient vectors, which are drawn pointing inward because of their negative sign. For direct configurations, in which the figure rotation is larger than the internal motion, these mismatches (nonvanishing v · ∇ρ) on top of a large rotation are likely to generate spiral arms; whereas, for adjoint configurations, the internal motion is larger than figure rotation, so these mismatches tend to generate waves along the surface.
Using the 3D hydrodynamics code developed by the LSU group (Motl, Tohline, & Frank 2002) , we have carried out nonlinear 3D hydrodynamical evolutions for a subset of the nearly incompressible models discussed here in Table 2 . Despite the fact that the models do not fully satisfy the steady-state continuity equation, they are in very good force-balance initially and, as predicted by the above discussion, the models are fairly long-lived, holding their initial ellipsoidal shapes over the time that is followed by our simulations (∼ 15 -20 dynamical times). We also observed the formation of narrow spiral arms (low amplitude surface waves) containing low density materials in direct (adjoint) configurations. The results of these hydrodynamical evolutions will be presented in a separate paper in the context of our ongoing study of the stability of Riemann S-type ellipsoids. Since our ellipsoidal models are fairly long-lived and have exactly the same elliptical flow field as Riemann S-type ellipsoids, they should provide good initial states for a nonlinear, hydrodynamical study of dynamical instabilities in Riemann S-type ellipsoids. We especially have in mind the elliptical strain instability that is associated with elliptical stream lines, which should set in on a dynamical time scale. Through such a study, we hope to provide insight into the stability of ellipsoidal configurations that will complement the work of Lebovitz & Lifschitz (1996) . This should also help answer whether the evolutionary path of a GRR-driven star toward the Dedekind sequence is viable.
I would like to thank Joel Tohline for valuable suggestions, discussions and carefully reading through this paper. I also thank Juhan Frank and Patrick Motl for helpful comments. It is a pleasure to thank Norman Lebovitz for drawing our attention to the particular analytical expression of the velocity field of Riemann S-type ellipsoids used in this study. I would also thank Howard Cohl for developing the Poisson solver that was an important ingredient in this work. I thank the anonymous referee for insightful suggestions to analysis our models. This work was partially supported by NSF grants AST-0407070 and PHY-0326311, and by the Center for Computation & Technology at LSU. Table 2 . Direct Configurations with n = 0.5 Table 4 . Direct Configurations with n = 1.5 Table 5 . Adjoint Configurations of Riemann S-type Ellipsoids (n = 0) -Equatorial iso-density contours and velocity fields in the inertial frame (left) and rotating frame (right) for an n = 0.5, direct configuration with b/a = 0.59 and c/a = 0.462. Density contours correspond to ρ/ρ max = 0.01, 0.1, 0.5, 0.8 from the outermost shell to innermost shell. This model has ω = 0.905 and λ = 0.0754, which corresponds to a vorticity ζ = −0.17 in the rotating frame. So the ellipsoidal configuration is spinning prograde (in the same direction as the overall fluid rotation, i.e., counterclockwise) rapidly in the inertial frame, but the fluid is moving more slowly and retrograde as viewed from the rotating frame. 
